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Abstract. Low concentration series are generated for moments of the percolation cluster
size distribution, Fj=(s’“1) (s is the number of sites on a cluster) for j=2,...,8 and
general dimensionality d. These diverge at p. as [;~A(p.—p)™" with y;=vy=
y+(j~2)A, where A=y+ B is the gap exponent. The series yield new accurate values
forAand 8,4 =2.23x0.05,2.10+£0.04,2.03£0.05and 8 = 0.44£0.15,0.66 +0.09, 0.83 £ 0.08
at d =3, 4, 5. In addition, ratios of the form A;A,/A, A, with j+k=m+n, are shown
to be universal. New values for some of these ratios are evaluated from the series, from
the e expansion (e =6—d) and exactly (in d =1 and on the Bethe lattice). The results
are in excellent agreement with each other for ail dimensions. Results for different lattices
at d =2, 3 agree very well. These amplitude ratios are much better behaved than other
ratios considered in the past, and should thus be more useful in characterising percolating
systems.

1. Introduction

Despite the extensive literature on exact power series expansions for percolation (see
Essam (1972) for an introduction to the series derivations and Adler et al (1983) for
more recent analyses) there remain several aspects of percolation concerning which
few or no series results have been obtained to date. In particular, there are no direct
estimates of the exponents 8 of the percolation probability and A (=y + 8), the so-called
‘gap exponent’, for dimensions d =4. Furthermore, in all dimensions there are very
few series estimates of critical amplitude ratios and most of the existing ones have very
large uncertainties.

As regards the exponent B, the values which exist in the literature are rather
unsatisfactory. As seen in table 1, values quoted in the review by Stauffer (1979)
strongly disagree with those obtained from the ¢ expansion and with indirect estimates
based on series and scaling relations (from de Alcantara Bonfim et al (1980, 1981),
Adler (1984) and Adler et al {1985)).

Universal amplitude ratios were reviewed in detail by Aharony (1980) who also
obtained ¢ expansions for them. Some agreement was found between some series
estimates at d =2 and extrapolations of the ¢ expansion, but results for some other
amplitude ratios (e.g. C*/C~ for the mean cluster size below and above p.) varied
considerably, particularly in Monte Carlo simulations and were difficult to extrapolate
from the £ expansion down to d =2, 3. It is thus desirable to find universal amplitude
ratios which are less sensitive. In principle, percolation systems may belong to different
universality classes, e.g., depending on the range of correlations among the occupation
probabilities. Amplitude ratios should play an equal role to that played by critical
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Table 1. Estimates for the exponents A and 8.

d 5 4 3

A (our series) 2.03+0.05 2.10+£0.04 2.23+£0.05
A (e expansion)® 2.02x£0.005 2.08+0.02 2.16£0.04
y ( revious series) 1.02£0.03* 1.44 £0.05° 1.79+0.10
B=A- 0.83+0.08 0.66 =0.09 0.44+0.15
B fr fom series I';/T2 0.83£0.1 0.67 0.1 0.44+0.1
B (& expansion) 0.835+0.005 0.64 + 0,02 0.34 £0.04
B (mainly MC®) 0.7 0.5

B (from RFIM)? 0.84 0.64

B (Jan et al)® 0.67 0.56

B (Grassberger)’ 0.65+0.04 0.43+0.04

2 From Adler et al (1984).

® ¢ expansion, calculated from results of de Alcantara Bonfim et al (1981) using their »
and vy estimates and scaling,

¢ From Stauffer (1979).

9 Deduced via scaling from the results of Adler et al (1985) for the random field Ising
model and the dilute antiferromagnet.

¢ Jan et al (1985).

f Grassberger (1986).

exponents in identifying the universality class of a given system. In particular, both
should be studied in realistic continuum porous media in order to find out if these
belong to the same universality class as the uncorrelated bond or site percolation for
which most theoretical calculations have been done.

In the present paper we pursue these aims by undertaking a comprehensive study
of the moments I'; of the percolation cluster size distribution. If n.(p) is the probability
of a site (at concentration p of sites or of bonds) belonging to a cluster of s sites, then

T=(s"H=Y ¢nd(p). (1.1)

Using the ‘ghost’ field H, T'; can be derived as

3V . 5 V!

I;= (a—g) Ln(p)e ™ uzo= —(a—H) [1=Pu(p, H)lltr=o (12)
where P.(p, H) is the probability of a site belonging to the infinite cluster. In § 2 we
use scaling arguments to show that, for p <p,,

szAj(Pc—P)_y’[l+aj(Pc_P)A'+ o] (1.3)
with

=y+(j—-2)A (1.4)

where y describes the divergence of the mean cluster size I',, while A= y+ 8, with
P.ox(p-p.)? at H=0, p>p. The validity of equation (1.4) was implied by the
renormalisation group of Harris et al (1975) and was proven for the Bethe lattice by
Essam et al (1976), who also present numerical evidence to support it in d =2 and
d =3. The exponent A,, expected to be the same for all j, represents the leading
confluent correction,

Section 2 also shows that amplitude ratios of the form A;A,/ A,,A,, withj+ k= m +n,
should be universal. The ¢ expansion is then used, in §3, to estimate A,A,/ A2
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AsAs/ A2, AZAs/ A3 and A,As/ AsA, and the results are summarised in table 2 and
figure 1. Exact calculations, both at d =1 and on the Bethe lattice, are described in §4.

Section 5 describes our derivation of the low concentration series for I'; and their
analysis which yields the gap exponent A. The analysis of series for quantities such
as T';/T' yields direct estimates for the exponent B. Alternatively, B can be obtained
from B =A-y using values obtained for A and vy from our series. Our results are
summarised and compared with alternative evaluations in table 1. The agreement with
the £ expansion values is excellent.

It turns out that series estimates of the individual amplitudes A; are not very
accurate. However, the universal combination A;A./A,,A, can be obtained directly
from series for I',I',/T",,[',, which should have a regular leading behaviour near p..
Our series analysis of these ratios is described in § 6 and the results are shown in figure
1. We observe that the agreement between the series and the ¢ expansion values is
extremely good for all ratios and all dimensions. This agreement is significant in view
of doubts one might have that a ¢* field theory (Fucito and Marinari 1981, Fucito
and Parisi 1981) might not be suitable for an ¢ expansion.

After completing these calculations we received a preprint from Grassberger (1985)
and became aware of a letter of Jan er al (1985) who calculate 8 in four and four,
five dimensions respectively. Grassberger (1985) finds 8 =0.62 in four dimensions
(corresponding to p. = 0.1583 £ 0.0002) but does not make any allowance for corrections
to scaling. We propose to investigate this discrepancy in the futuret. Jan et al (1985)
find 8 =0.67 (d=5) and B =0.56 (d =4), somewhat below our and the ¢ expansion
estimates and close to the old Monte Carlo values. They also find lower v values than
the € expansion (de Alcantara Bonfim et al 1981), »=0.51 (d =5, ¢f 0.57) and » =0.64
(d =4, cf 0.68). Thus their final dy=d — 8/ v values, 3.69 (d =5) and 3.12 (d =4), are
not all that different from values calculated from our 8 and ¢ expansion v values, viz
d;=3.53 (d =95) and d;=3.06 (d =4).

2. Scaling

As explained in detail by Aharony (1980), P.( p, H) must obey the asymptotic scaling
form

H/Pz=h(t/PL%) (2.1)

where ¢ = (p.—p)/p., P and H are all small. The function y = h(X) contains two
non-universal parameters, h, and X, defined via hy;= h(0) and h(—X,) =0. Rescaling
h by hy, and X by X,, the resulting equation of state

R(X)=h(X/Xo)=hy'h(X) (2.2)
is universal. All the critical amplitudes may be related to X, and h, and combinations
of them in which X, and h, cancel are thus also universal.

Solving equation (2.2) for P, one finds
Po(t, H) = (1/ Xo)*F (X3 H/ hot®) (2.3)

where A =88 = 8+ y and where f is a universal function. The individual details of a
specific problem, e.g. site or bond percolation or (short) range of correlations, enter
only into X and h,. Taking derivatives of (2.3), we now find that the leading divergence
of I'; is indeed described by the exponents ¥; of equation (1.4). Also, we identify

Ay =(=X5/hey "' X 5P f<1(0). (2.4)

+ See note added in proof.
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Clearly this implies that when k+j=m+n one has
AjAL ApA, = JUTOFED fmm b fnm (2.5)

and the RHs is universal. In what follows we shall thus ignore the factors of X, and
hy and concentrate on the universal functions h and f

For t>0 (p < p.) we have P,~0as H-0. Thus the argument X =t/ PY? in (2.1)
is infinite. As discussed by Aharony (1980), the function h(X) has the large-X
expansion

B(X)= % n X708, (2.6)
From equation (2.1)

dH /P =t"X""[8h—(1/B) XK' (X)]. (2.7)
Thus

I,=6P,/0H=17"X"/[6h—-(1/B) XK' (X)]. (2.8)
Using (2.5), this becomes

= t"(Z nnnX'("‘”B)_ (2.9)

and we identify A,=1/7,. It is now straightforward to take further derivatives and
to find

Az= 2")2/77?

Ay=(1203~6mm3)/ 73

As=(24n,m] = 120m37m,7m, +120m3)/ 0]

As=(720m4m,77 — 120m5m7 +360m3 17 — 2520m:3n, + 168073)/ 7’

(2.10)

etc.
So far we discussed only the asymptotic form. Denoting the leading irrelevant
variable by w, equation (2.3) should be replaced by

P.(t, H w)=(1/ Xo)Pf[ X3H/ hot®, wt*] (2.11)

where A, is the exponent associated with the renormalisation group flow of w towards
its fixed point value of zero. The function f is still universal and the only additional
non-universal amplitude concerns the magnitude of w.

Taking derivatives of (2.11) with respect to H will now yield

T;= At " f979(0, w™)
= A [ f97(0,0) + FUTE0, 0)wet + . ] (2.12)

where the coefficient f”’l‘”(O, 0) is again universal. This explains the general form
(1.3) and implies that ratios like a;/a, are also universal (Aharaony 1980).

3. Epsilon expansion

Aharony (1980) used the g - 1 limit of the g-state Potts model, equivalent to the bond
percolation problem, to derive £ expansions in d =6 — ¢ dimensions of the function
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h(X) and for the coefficients 1, 7, and 7,. Extending those results to the next term
(and setting X, = hy,=1), they may be summarised as

=224+ 0(¢&?)
5 565, 3
= Zop—— 2} 4
2 n1(1+75+2x32735> O(e’)

n3=m%8(1+ 817 )+0(s3> 31)

273772°
191
Ne=—1 %6(1 -2—23—2:,38) +0(¢?)

where

565
5=2+%s+2 e 24+0(e).
The results for d > 6 stick to the mean-field (or Bethe lattice) values, obtained by
setting € =0 in these expressions.

Substituting in equations (2.10), this yields (up to order £?)

%:3(1 ze+ 213921738)
%: (1—%8”‘5_:_;85%_7_382) |
St )

Table 2 contains estimates of these ratios for various dimensions, based on different
Padé estimates. We note that the ¢ expansion of the ratio A3/A,A, is the same (to
order &%) as that of (2—8)/3. In the fourth row of table 2 we thus list values of
(2—B)/3, using estimates of B from table 1.

Apart from A3A;/ A}, all the Padé estimates agree reasonably well with each other
and we used a (subjective) average to represesnt them in figure 1. The coefficients in
the £ expansion of A3As/ Aj are rather large, and therefore some of the Padé estimates
are not reasonable. We list values only for the estimate which looks similar to the
series. Note that the amplitude ratios listed here are not all independent of each other.
For example,

A3As (A2A4><A2A5) B <A3A5) (A2A4)2 (3.3)
A3 A? J\a,A,) \ Al Al ) '
Thus, one may choose the better behaved ¢ expansions (e.g. for A,A,/ A3) and derive
the others from them.
We now turn to the correction terms, equation (1.3) or (2.12). As discussed in

detail by Aharony (1980) and Aharony and Ahlers (1980), the renormalisation group
equations to leading order in ¢ always yield results of the form

20y,-7%)/ e
I;= Ajt"z(l + th1> (3.4)
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Table 2. Estimates of amplitude ratios.

Dimension
Ratio Estimate 5 4 3 2 1
A,A, A2 3(1-0.1429¢ +0.015 47¢2) 2.62 2.33 213 2.03 2.02
3/(1+0.1429¢ +0.005¢2) 2.61 230 2.04 1.82 1.63
3(1-0.0346¢)/(1+0.1083¢) 2.61 230 2.03 1.80 1.61
3/(2-8) 2.56 2.24 1.92 1.61 1.5
Series (hypercubic) 2.62 2.30 1.94 1.61 e
Largest approximant 2.70 2.73 2.04 1.69 1.333
Smallest approximant 2.58 2.15 1.88 1.59 1.333
Series (FCc, triangular) — — 2.0 1.72 —
A3Aq/ A} 3(1-0.0381¢ +0.005 49¢°) 1.61 1.58 1.56 1.56 1.58
3(1+0.0381¢ —0.004 03¢2) 1.61 1.57 1.55 1.53 1.53
5(1+0.106¢)/3(1+0.144¢) 1.61 1.57 1.53 1.51 1.48
Series (hypercubic) 1.60 1.55 1.46 1.36 3
Largest approximant 1.60 1.55 1.55 1.47 1.250
Smallest approximant 1.60 1.55 1.42 1.10 1.250
A,As/ A Ay 5(1-0.1816+0.026462) 4.23 3N 3.46 3.49 3.78
5/(1+0.181e +0.0067¢?) 4.21 3.60 3.12 2.73 2.41
5(1-0.0373¢)/(1+0.1437¢) 4.21 3.59 3.10 2.70 2.37
Series (hypercubic) 4.15 3.4 2.84 2.12 3
Largest approximant 4.20 3.63 3.08 2.36 1.666
Smallest approximant 4.10 2.78 2N 1.48 1.666
AZA /A3 15/(1+0.3238¢ +0.0371¢?) 11.02 8.35 6.5 519 4.23
Series (hypercubic) 10.80 8.12 5.48 3.65 Pa
Largest approximant 11.20 10.20 5.81 3.98 2.222
Smaliest approximant 10.50 7.30 421 2.10 2.222

& Exact.

where ] is the mean-field value of v, For small ¢, the RHs can be expanded and we
identify a; in equation (1.3) as

a;=2w(y;—¥7)/ e +0(e) (3.5)

a/ a = (% =¥}/ (v = ¥%). (3.6)

To order ¢, y;=y+(j—~2)A=2j-3+¢/7 and thus v, — y}’ =¢/7, independent of j. We
therefore conclude that

a;/a,=1+0(e). (3.7

In particular, combinations like I',I", /T ,,[",,, with j + k = m + n, will have no correction
to scaling to this leading order (the coefficient of t*' would involve a+ta—a,—a,=
O(e)).

4. Exact results

In one dimension and on a Bethe lattice, which should correspond to dimensions
larger than six, the upper critical dimension, we were able to find the amplitude ratios
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exactly. In one dimension, the ‘free energy’ is easily calculated:
(1-p)°

= 2 _ 2 —sH= 4‘1
f(p, H) Zslp(l p)ie T—pe (4.1)
and one can find the amplitudes explicitly:

A,=nl (4.2)

On a Bethe lattice of coordination o the free energy is (Fisher and Essam 1961)

(sa)! _ —H
- - 2 _ o-17s s . 43
fp )= (0 + D)1= p) s s p(1-p) T e (43)

A tedious but straightforward calculation leads to
Ay=;
Ay=3%(~3) (4.4)
Ag=bx(=9x (-

etc, up to a multiplicative constant which depends on 0. We can see that the amplitude

ratios correspond to those obtained by Aharony (1980) in six dimensions and to the
e = 0 values in equation (3.2).

—

5. Series exponents

In this section we analyse low concentration series for I'; = (s’™", where s is the number
of sites in bond percolation clusters (sB). The derivation of the series, via lattice animal
data, is a straightforward extension of the case j =2, described in detail by Fisch and
Harris (1978) and analysed by Adler ef al (1984)+.

The series take the general form

T,=1+Y Gi(i, k)d*p’ (5.1)
ik

and the coefficients G;(i, k) are presented in the appendix, for j=3-8.

The individual series were analysed by the method of Adler et al (1983), using as
input the values of p. and A, from Adler et al (1984) for d >4 and p.=0.2486 for
d =3 (Grassberger, private communication). All the series are expected to diverge at
the same p..

We first analysed series for individual series and table 3 lists our estimates for v,
Jj=2,...,5 From these we deduced our direct estimates of A, listed in table 1. These
were then combined with known values of y to derive 8 =A—1y. In addition, we
derived and analysed the series for I'y/T'3, which should diverge as (p.—p)~".

Our value of A at d =3 agrees well with that quoted by Essam and Gwilym (1971),
A=2.2+0.3. Our various estimates for 8 agree well with each other and with those
from the & expansion. All these estimates disagree with the previously quoted Monte
Carlo values (Stauffer 1979). While new Monte Carlo estimates would be nice to
confirm our resolution of this discrepancy it seems quite clear that estimates of 8 ~ 0.8
and B ~0.65 for d =5 and d =4 percolation should be quoted in future.

+ Note that the series for the number of bonds in a bond cluster (BB), quoted by Adler et al (1984), should
not include a constant ( p-independent) term. The analysis of this series was, however, correct. We also
note that the BB series presented there are an extension of the Gaunt and Ruskin (1978) series and the sB
series an extension of the Fisch and Harris (1978) series.
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Table 3. Estimates for y; (errors are of order £0.10).

d >6 5 4 3

¥ 1 1.19 1.44 1.79
- 3 3.24 3.51 4.05
Y 5 5.26 5.64 6.27
¥s 7 7.29 777 8.49

6. Series amplitude ratios

We used the series for I'; to generate series for ratios like I',I',/T',,T",, for the four
cases listed in table 2 and shown in figure 1. Our new series were used for hypercubic
lattices at d =1, 2,...,9 and d = 100, and the series given by Essam et al (1976) were
used for I',I',/I'%, counting bonds on bond clusters on the triangular and Fcc lattices.
We note that the Fcc series are rather short (to order p° only) but nevertheless we
attempted their analysis. We then used direct Padé approximants for the ratio series
to estimate their values at p=p.. We note that this method does not require any
assumptions about exponent values. Also, p. is used only once in the calculations and
the results are not very sensitive to small variations in its value. This probably results
from the fact that the leading singularity was divided out and that correction terms to
the ratio are very small (as predicted in § 3). Indeed, we were not successful in our
attempts to identify such corrections by direct D log Padé analysis of derivatives of
the ratio series. For comparison purposes we also tried to evaluate the A; for each
moment series individually (using the method described by Gaunt and Guttman (1974)),
but found that owing to the large uncertainties in y and 8 the errors were large and
the convergence was rather poor.

The results are plotted in figure 1 and some are presented in detail in table 2. We
have evaluated nine central and near-diagonal approximants to each ratio, discarding
those with obvious defects and averaging over the remaining ones. {We never needed
to discard more than two approximants and in most cases none were discarded.) We
quote the central values and most extreme approximants in the table for each ratio
and dimension on the hypercubic lattices. In the figure we indicate central values by
a filled circle and extreme approximants by error bars. Where no error bars are present
on the graph it is because the convergence errors are smaller than the size of the dot.
We note that the estimate on the triangular lattice has error bars comparable to those
on the square latticet. The approximants to the Fcc lattice ratio, however, have quite
a wide range and the estimate ~2.0 comes from a choice of five approximants (2.09,
2.14, 2.014, 1.989 and 1.886), whereas an additional four (—0.875, 2.77, 3.9 and 2.81)
give an average of 2.2. The poor convergence is presumably due to the shortness of
the series.

Explicit analysis of our amplitude ratio series at d =1 and d = 100 gave excellent
agreement with the exact results of § 4 and served as a confirmation of the reliability
of our series evaluation. As can be seen from table 2 and figure 1, the results in other
dimensions also show excellent agreement between different lattices and with the «
expansion. However, we note that the finite series cannot reproduce the sharp break
at d = 6. Instead, the series values already begin to deviate slightly from the mean-field

T The central estimate is 1.72 with a range 1.67-1.75.
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values at d =9. In spite of all this, even the maximum deviation, at d =6, is rather
small. Similar roundings were observed for critical exponents and are partly caused
by the failure of the (relatively) short series to respond to the logarithmic corrections
at d =6. As indicated by the error bars on the graph, the different Padé approximants
are quite close here, this being a systematic error. For d =3 and d =4 the ¢ expansion
results fall well within the range of Padé approximants. As might be expected, the
agreement between the series and the £ expansion values becomes somewhat poorer
for low dimensions, d <3, but even there the amplitude ratios studied here behave
much better than those considered before.

The agreement found here supports the feeling that the ¢ expansion estimates of
amplitude ratios are useful even at low dimensions. In view of this, we feel that better
series and Monte Carlo estimates should be attempted for other amplitude ratios as
well. We note, however, that the accuracy achieved in our present analysis, via series
multiplication, is not possible for ratios like C*/C", involving both high and low
concentration series.

7. Conclusion

Our main results are summarised in tables 1 and 2 and in figure 1. Our new values
of A and B at d =4, 5 agree with the € expansion and should replace older values.

Our main emphasis here is on the excellent agreement between series and ¢
expansion values for the various amplitude ratios. This justifies the use of ¢ expansion
values as far as d =2 (¢ =4) and encourages revised series and Monte Carlo studies
of other ratios.

Our configuration of universality for the amplitude ratios also supports the expecta-
tion that the same ratios should be observed in more complex systems, e.g. continuum
percolation, percolation of rods, cracks, etc. It would be interesting to see these checked
either in computer or in real experiments. A study of several moments of the cluster
size distribution (and not only of the lowest one) in such experiments should thus be
encouraged.

Acknowledgments

One of us (JA) acknowledges the support of the Center for Absorption in Science of
the Government of Israel. One of us (ABH) was also supported in part by grants from
the National Science Foundation NSF 82-19216 and from the Office of Naval Research
ONR-0185. The work at Tel Aviv was supported by grants from the US-Israel
Binational Science Foundation, from the Israel Academy of Sciences and Humanities
and from the Israel AEC. We thank M Moshe of the Technion for discussions relating
to the computation of the amplitude ratios. JA and ABH thank Duke University Physics
Department for hospitality during the completion of the analysis.

Appendix

Coefficients of G;(i, k) which give ['; via equation (5.1).
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G(11,9)= 1,26720000000000E+06 G(11.,9) &. 479680000
Gt e = C 0 G(11,8)=-1,7750016000(

G(11,7) G(11.7)®-1,694244640
G(11,8)= Gt &)= 8.09‘76160(.H.n,u
G(1i1,8) 4.8964801)(_)! OE+0S B(11.9

Gt11,4)=-8.5671364800
G(11,3)= 2.443956680¢
G(11,2)=~2,52248600
G(l1,1)= 9,027274200¢

G(11.4
G(11,3 4 3'.'-”4”877466(;6.&%19
G(11.2 4.91B2106546666TE+09
G(i1.1)= 1.8T46T765180 OE +09

3641

GUOOOE+DT
JOOE+OT

Gia, 1)
85, 5)=

OOOOOE+0S
OE+0S
VOOE+LS

DE+04
IOOOOE+DS
GE+6
(nmnEfub

G(7.7)= 1,5206400¢
Gi7.6)=-5
G(7.8r= 5
G(7.,4)= 1,
G(7,7ry=-2
G(7,2y=-2

B(7, 1= lEHj-)é
G(8,8)= 5, 702400 .
B8, 7)=~2, 20&I04 E+7

Gi8,6)= 2,708832¢
(H,.%5)= 1,6464
G(8,4r=-8, 158080«
G, Dy =~1.96T710
G8. )=
68, 1=
5GP, %)= 2.0
G13,8)=-9, 2759040
GR,7y= 1,2

Gi®, 6r=-1,
G(9,5) =
G(Q.-h

G119,
G(‘?.'_‘
G(9,11=
Glo, 10
810, 9
GiO,8)
(10,7

» BOBEBLOLOS

B(10,1)=-8,87043960

Gill 1= 2, 18050560« HOOE+08
Gl 10) »1 24540414 OGE+09
G(11.9)= 2,29288548000000E+09
G(il,8) 9. 475660800 OE+08
G(11,7)=-46,217B4960 HOOE+O8
Glll.6)= 1,595T0272 WOOE+O9
Gait.S 2

Gl 4

G(11.2 6£.18066781

Gt S474617680
Gell )= 3,1187142710

QRE+LO
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G(4,1)= Z,4BC000

G(5.,9)= 7.70464
G(E,8'=-1.714944
G(Z, 7= 1.11008801
G(S,2)= 1.6142000

G(5,1)=-2,6732600¢
Glo,6)= 4,0951680x
G(6,8)=-1.2119520«
G(6,8)= 1,0225320
G(&, IV= 1.5097520
B(&£, 2 =-4,619102000
G, 1= 9,4834400 OOOE+OS
G(7.7)= 2,03554560000000E+07
G(7,6)=-7,24711680000000E+07
G(7,9)= 7.6275040
G(7,4)= 4,56T702400

G(7,3)==32,29935800000(
G(7,2)

G(7,1) ¥
5(8,8)= 2.20325120000000E+07
G(8,7) . 8198899 2000000E+08

4.85102688000000E+08
« 285139200000

L29119392
1.04004620K
. 85409024000000E+08
1.82251769600000E+09

OE+OB
IBE+OB

G(10,7)=-5,1101568¢
G10,6)= 29T6F44000000E+09
G(10.9) = 1,T4580T6B266668E+09
G(10.4) 7498500077 TI32E+10
T 8, 62649991TITITOEA10
G(10,2)=~2,22899845B06664E+10
G(10,1)=~5, 94065706400000E+0F
Gili,11)= 5.68657766800)
G(11,10)=-7,31390259200¢
G(11.9)= 6.502S576T200
Gil1.8 81675089920
G(11.7)=—-1,671069657600
(il b)= 2,.988894249460000E+10
G611 1.65677665266665E+11
G(11.8)= 6£,84777499B666640E+10
G(li,2)= 7.54675B598302667E+11
G2 1,14980247807866E+12
G(1i, 1 4. 7773062 2806000E+11

Note added in proof. We have been informed that the published version of Grassberger (1986) will contain
the values p. =0.160 13+ 0.000 12 and B =0.65+0.04 for d =4, which are in substantial agreement with our

estimates.
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